The Hamiltonian system with phase modulation in a higher harmonic rf cavity is experimentally studied on the IUCF cooler ring. The Poincark maps in the resonant rotating frame are obtained from experimental data and compared with numerical tracking. The formation of the stochastic layer due to the overlap of parametric resonances is discussed. The dependence of the stochastic layer on the voltage of the higher harmonic rf cavity, amplitude and frequency of the phase modulation is studied.
I. INTRODUCTION
The doublerf system, i.e. a primary rf system plus a secondary rf system working at a higher harmonic, can be used to overcome the space charge effect in low and median energy proton accelerators by reducing the peak current, and provide strong Landau damping against instabilities in high energy accelerators. It has been widely used to enhance the beam intensity in synchrotrons For particles in a double rf system, the synchrotron equations of motion with respect to the orbiting angle B are generally given 
where 4 is the phase coordinate relative to the primary rf cavity, 6 = -U e is the normalized momentum coordinate, and 9 is the fractional momentum deviation from the synchronous particle, q is the phase slip factor, U , = d$$@ is the synchrotron tune determined by the primary rf system, h = 2 and e = e are harmonic and voltage ratios of the primary and the secondary rf cavities.
In previous reports, we have systematically studied the double rf system with h = 2 and discussed the stability of particle motion under the influence of parametric resonances by applying external phase and voltage modulations to both rf cavities [ 2 ] .
We recently studied the controlled beam emittance dilution using the double rf system with higher hamonic ratio by modulating either the primary rf cavity or the secondary one [3] . The controlled beam blow-up is necessary in a high intensity accelerator with a small longitudinal emittance to avoid synchrotron instabilities and reduce the beam loss during the transition crossing. In this report, we present the study of using the secondary rf cavity with a phase modulation as a perturbation to the primary rf cavity. We analysed parametric resonances and stochastic motions, based on experiment data from the beam experiment CE37F at IUCF. The controlledbeam evolution will be discussed in another paper [4] .
HAMILTONIAN ANALYSIS
With a sinusoidal phase modulation to the secondary rf system, the Hamiltonian can be written as
where dm (e) 1 am sin umQ, am and U , are amplitude and tune (frequency) of the phase modulation respectively. For a small t/h, we treat the secondary rf system as a perturbation to the primary rf cavity, and therefore we are able to expand the time dependent Hamiltonian in action-angle variables { J , $} of the un- where E ( J ) is the energy of the unperturbed Ihniltonian, and
Jk (a,) is the Bessel function. In Eq. (3, only terms which contribute to parametric resonances are kept. The fiurther analysis of an isolated parametric resonance can be easily accomplished by a canonical transformation. When the modulation tune is near one of the parametric resonances, i.e. kv, w nv,, the perturbation coherently acts on the particle motion.
The parametric resonances are numerically studied in a basis of tum by tum tracking. Figure 2 shows parametric resonances at v, = 0 . 6~~ and v, = v,. The overlap of higher harmonic resonances is responsible to the stochasticity near the boundary of the bucket. However, in a dissipative dynamdcal system such as the IUCF cooler ring, the stochastic motion of particles will not lead a significant beam loss. Instead, particles are damped into the central region of the potential well and form a beam profile with waves on the top. In such a way, the beam emittance is blow-up, depending on the modulation amplitude and frequency. Figure 3 shows the tracking results at v, /vs == 1 with a phase damping. The dampingratea = 15 s-' is used. Thefixedpoints of resonance islands become attractors as observed in previous experiments [2]. 
EXPERIMENTAL MEASUREAMENT
The IUCF cooler ring was operated with a single proton beam bunch at the energy of 45 MeV and the intensity about 100 PA.
l i e cycling time of the proton beam is about 10 seconds with injection and electron cooling being accomplished in about 5 seconds. The electron cooling time is about 300 ms. The beam emittance of the proton beam is electron-cooled to less than 0.3 T nnm-mrad in about 3 seconds. The momentum spread A p / p is of order and the typical bunch length is about 01 = 10 ns. ?lie revolution frequency is fo-1.03168 MHz. The primary rf cavity and the secondary rf cavity were operated at harmonics hj. = 1 and hz = 9 respectively. The voltage of the primary rf cavity was set at VI = 285 v to achieve the synchrtron frequency offs = 650 Hz (or v, = 6.3 x and the secondary rf cavity was varied to obtain a proper voltage ratio to the primary rf cavity.
When the experiment was started,'the beam bunch was longitudinally kicked to drive the synchrotron oscillation by phase slbifting the control signals for both rf cavities. The phase modulation with controllable amplitude and frequency was added orito the phase shift to the secondary rf cavity. Once the beam is phase kicked, the beam closed orbit 2, was measured from the ratio of the difference (A) and sum (E) signals of a BPM at a high dispersion location with an accuracy of 0.1 mm. Then the off-momentum variable was calculated from A p / p = z,/D,, where 0, M 3.9 m. The C signal from this BPM was lead to a phme detector with a range of 720' which generated the phase coordinate by comparing the signal from a pickup loop in the primary rf cavity with aresolutionof 0.2'. APoincar6 map then can be constructed from the digitized A p / p and 4 data. Figure 4 shows a set of a typical measured data with E = 0.2, h = 9, a, = 71' and f, = 650 Hz which gave v,/v, = 1. In Fi,g. 4(a) the phase space is plottedeach 10 turns for 50000 turns, and in Fig. 4(b) the Poincark phase map shows a resonance island after data being tranformed to the resonance rotating frame. Bwause of the weak dissipative damping force of the electron cooling, the motion of the beam centroid is damped into the outer attractor as predicted in Fig. 3 . The wiggling of the damping path is due to the time dependent effect. Figure 5 Figure 5 . Beam profiles. In (a), two beamlets were due to the first harmonic resonance, and in (b), the beam profile with a wave structure was resulted from the phase modulation. The initial beam profile is plotted as dotted line.
For a given modulation frequency, the stochastic layer exists near the separatrix. As the amplitude of the phase modulation is increased, the stochastic layer increases as well. Numerical simulations indicate that when the beam is kicked inside the stochastic boundary, particle motions in the bunch decohere more rapidly. The change of the damping rates was experimentally observed to depend on the phase modulation. The measurements were done by fixing the phase kicks at = 60°, looo, 120' and 140' and varying the modulation amplitude in a step Aa, = 18" for given modulation frequencies f, = 600 Hz, 900 Hz and 1200 Hz. Because the experiment was time-consuming, very coarse steps of the phase kick and the phase modulation were used. Figure 6 shows the measured results of the stochastic boundary versus the modulation amplitude, compared with numerical simulations. the parametric resonances in the beam evolution process. In the measurement of the stochastic layer, we found that this dynamical system was complicated to detect. The diagnostic method of the stochastic layer is expected to work better in a simple system such as the double rf system reported in reference [ 2 ] .
IV. CONCLUSION

